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Study of Turbulence on Supersonic Compression
Surfaces Using Reynolds Stress Model

J. Lee* and D. B. Taulbeet
State University of New York at Buffalo, Buffalo, New York 14260
and
M. S. Holden}
Calspan-University at Buffalo Research Center, Buffalo, New York 14225

A theoretical study was conducted to determine the effects of adverse pressure gradient and compressibility
in modeling turbulent compressible flows. The zero equation, kinetic-energy/dissipation eddy-viscosity models,
and Reynolds stress model predictions are presented and compared with experimental data. It is shown that the
effects of compressibility, which include the mass-averaged fluctuation term W, the pressure-dilatation term
p'ouj’/dx;, and the dilatation dissipation p(3u;"/3x;)%/p, are important in modeling turbulent compressible
flows. It is also shown that the normal stresses and longitudinal strain rates have an effect in the prediction of
turbulent energy production on curved compression ramps. A new compressible formulation of the pressure-
strain term, which includes the effects of the normal-stress/mean-dilatation interactions, in the Reynolds stress
equation is presented. The boundary-layer forms of the kinetic-energy/dissipation and Reynolds stress models
were used in this study. Mass (Favre)-averaged Navier-Stokes equations and zero-equation eddy viscosity were
also employed to assess possible limitations of the boundary-layer approximations used for the compression-sur-

face problems considered in this study.

Nomenclature
i Z[-JT,'kaUk/an +[)Tjk6(7k/ax,-
= Favre-averaged turbulent kinetic energy, ou,"u," /2p
= surface distance of compression surface
; = turbulent Mach number, V7,/yRT
= P,,/2
= gas constant
= radius of curvature
= turbulent Reynolds number, £2/&v
= temperature
= velocity
= friction velocity, V71,./p.
= normalized wall distance, yU,/v,,
= total dissipation away from the wall
+ = dilatation dissipation, u(du;/8x;7%/p
= total dissipation
= solenoidal dissipation, u(du,/0x,)*/p
= boundary-layer thickness
= Kronecker delta
= specific heat ratio = 1.4
= viscosity
. = eddy viscosity, C,k%/¢
4 = total viscous stresses
7; = Favre-averaged Reynolds stresses, pu/ u/p
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Subscripts

e = at edge

w = at wall

o = at freestream

0 = stagnation value
Superscripts

~ = Favre-averaged quantity

- = Reynolds-averaged quantity
” = mass fluctuations
= fluctuations

’

Introduction

N the past several years, significant progress has been made

in computational fluid dynamics (CFD) for simulating
high-speed flows. Major progress has been made in develop-
ment and understanding of the numerical aspects of CFD.
However, further development and understanding of physical
models (e.g., turbulence models, chemistry models) are re-
quired if CFD is to reach its full maturity. Because of practical
limitations imposed by the size of the computer, the role
played by turbulence modeling is of fundamental importance
in the prediction of high-speed flows. In the present work, the
modeling of turbulence in high-Mach-number flows with ad-
verse pressure gradients is addressed.

The closure of the turbulent Reynolds stresses required for
these problems can be accomplished with eddy-viscosity (in-
cluding the k-¢ model) and Reynolds stress models. Most of
the calculations to date have made use of k-¢ and other lower-
order eddy-viscosity turbulence models to predict complex
turbulent shock-wave/boundary-layer interactions, and a
number of potential weaknesses of these models have been
exposed (Marvin!). Zero-equation models, such as that of
Baldwin-Lomax,? have limited applicability in complex sepa-
rated-flow situations, because of the universal near-wall
length scale formulation used. In principle, the k-¢ model is
more general and has been used with limited success in predict-
ing three-dimensional flows, including shock-wave/boundary-
layer interactions. The k-e models, however, have a weakness
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in resolving the normal stresses and, consequently, result in
poor predictions of the production and pressure/strain pro-
cesses of turbulence.

The k-e model utilizes a turbulent stress/strain relationship
analogous to the laminar stress/strain formulation (Boussi-
nesq formulation). This relationship implies that the Reynolds
stress tensor is aligned with the mean strain rates. In nearly
parallel flows, this stress/strain relationship is a good approx-
imation for the shear stress; thus, the k-e model is a useful
predictive tool. Even in some more general multidimensional
flow situations, the k-¢ model will give an adequate predic-
tion. However, due to the stress/strain relationship employed,
the accuracy in the normal Reynolds stress predictions is
mostly lost in the k-e predictions. This weakness could also
cause the k-¢ model to give poor predictions of bulk dilata-
tion-dominated flows, such as the shock-wave/boundary-
layer interaction and compression-surface flows. Therefore, a
more accurate model should be used in flows where large
normal stresses and large dilatational effects are present, as in
the supersonic turbulent flow over a compression ramp.

The Reynolds stress model uses the dynamic equations for
the Reynolds stresses and is, therefore, more general than the
k-e model, in which the stresses are given by the local constitu-
tive relationship. Also, the Reynolds stress model can be for-
mulated so that ad hoc corrections are not required to model
the effects of curvature.? Previous calculations of compress-
ible turbulent flows with adverse pressure-gradient effects us-
ing a second-order closure are limited in number, and most of
the work to date has concentrated on the computation of
shock-wave/boundary-layer interactions.*% Marvin' summa-
rizes the computations made using the Reynolds stress models
of Wilcox and Rubesin’ and Donaldson and Sullivan.? Figure
4 of Marvin' illustrates that the performance of the Reynolds
stress models is superior to that of the algebraic eddy-viscosity
models in the adverse pressure-gradient regions.

Modeling of compressibility effects is also important in high-
Mach-number flows. Horstman® has shown that pressure-
dilatation effects and mass-averaged velocity terms cannot be
neglected in predicting the flow over wedge compression sur-
faces. Recently, Zeman® and Sarkar et al.!° have shown that
the solenoidal dissipation normally used in these calculations
is inadequate, because it represents only a part of the total
dissipation process. Zeman and Sarkar et al. proposed that
dilatation dissipation, which they formulated as a function of
the turbulent Mach number, should be included in the turbu-
lent compressible flow predictions.

We chose curved-ramp configurations in supersonic flows
to study the influence of the strain field and the compressibil-
ity terms without the added complexity caused by the shock-
wave/boundary-layer interactions. Comprehensive data for
the curved compression surface with an initial Mach number
of 2.87 are given by Degani and Smits,!! Jarayam et al.,'? and
Sturek and Danberg.!? For prediction purposes, the curved
compression ramp has an advantage over the sharp corner;
since the compression process occurs over a distance of the
curved surface, rather then at a sharp corner, a much milder
pressure-gradient level is achieved, and the turbulent produc-
tion level can be controlled by changing the curvature. Hence,
for large-curvature configurations, there is no separation, and
the flow can be adequately described by the boundary-layer
approximation.

The present investigation pursued the subject of modeling
these compressibility effects though the use of the Favre
(mass)-averaged'* Reynolds stress model. The Launder et al.!’
formulation of the Reynolds stress model was modified to
include the effects of the pressure-dilatation, the dilatation-
dissipation, and the mass-averaged fluctuations. This second-
order closure model was then used to investigate the role that
the normal stresses and strain rates play in the production of
turbulence in Mach 2.87 flow though an adverse pressure
gradient. The predictions of the Reynolds stress models were
also compared with the k-¢ model predictions to illustrate the

potential weakness of the k-¢ models. The possible limitations
of the boundary-layer formulation of these models were also
explored through the use of full mass-averaged Navier-Stokes
equations with a zero-equation eddy-viscosity model.

Theory
Kinetic-Energy/Dissipation Model

The mass-averaged form of the Chien!> k-e model was used
in our investigation. This model was chosen because it gave
the best prediction of the flat-plate boundary layer. In two-
equation models, the required length scales are calculated in
terms of the turbulent flowfield. However, two-equation mod-
els also have inherent defects in that the effects of the normal
strain rates have been incorporated into the model through the
use of the constitutive relation. The constitutive relation,
given by,

au;, au; 2 aUk> 2 .
—pry =l = L =S8 —— ) — S kY 1
pTy “’(ax, ax 3% ax, 3 PKOy ey

is used to determine the Reynolds stresses. This relationship
performs well for the shear component, but the normal com-
ponents are not accurately predicted in many flows. In a
simple case of homogeneous shear flow, where U = U(y), the
above equation yields the isotropic relationship, 7y = 7, =
7.2 = 2/3K. This is not consistent with the experimental obser-
vations, even though the relationship for the shear compo-
nent, — pry, = p,0U/3y, is satisfied. If the flow is shear dom-
inated, turbulence models using Eq. (1) will yield reasonable
predictions of the flow. Using these models to predict flows
that are normal-stress dominated could result in error, since
the incorrectly predicted normal stresses will lead to incorrect
prediction of the turbulent kinetic energy production. An
illustration of this weakness was given by Taulbee,! who
showed that stagnation streamline turbulence, which is domi-
nated by normal stresses along with normal strain rates, is
incorrectly predicted by the standard k-e¢ model.

Reynolds Stress Model

To overcome these difficulties of the k-e¢ model, the mass-
averaged Reynolds stress model was adopted for the present
study. The mass-averaging process yields transport equations
that are term-by-term identical to the Reynolds-averaged
transport equations with the exception of the terms involving
viscosity and density.

The dynamic equations of Reynolds stress 7; in mass-aver-
aged variables are given by

D a
Y, (p7y) = o (Cije — Dyjic + Ejjie) — Py + @y — MAjic — € (2)
&

where
Turbulent flux:

Cy = pul uf u’ )
Viscous diffusion:
Dy = ojuf + opul )
Pressure diffusion:
Eyo= p'uj bu +p'ul & (5)
Pressure strain:
q’ij=1"<%l% +3;l_),cl> ©)
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Total dissipation:

fij=0i'llca_xk+0jll,ca_xk €]
Production:
1/ 14
Py = pry a—x: + BTk ™ ®

Mass-averaged terms:

— [ ap d ap d
MA,'jk =u/ <_p - 6'jk> + uj” <_p - a,'k) (9)

dx, % ax, k ax, i 3xk

The Reynolds stress model of Launder et al.!” has proven to
work reasonably well in predicting many different types of
high-Reynolds-number flows. An update to their earlier model
to account for the viscous diffusion and wall effects of pres-
sure/strain was proposed by Hanjalic and Launder.'® The
Reynolds stress model used in this study of the supersonic
turbulent boundary layer over an adverse pressure gradient
was developed from these two model formulations. The model
formulations for the turbulent flux, the viscous-diffusion, and
the near-wall total dissipation in mass-averaged variables are
given by the following:

The turbulent-flux (including pressure-diffusion) terms are

N 3 3
Cijx = —CsPE Tkla—x[Tij+Tj/5£Tki+Tila—)quk (10)

The viscous-diffusion terms are approximated by

3

The total-dissipation terms are

€ 2 -
€% =7 (ﬁﬂyfs + 3 ( _fs)l-’kaij> (12)
where C; is set to 0.11 as suggested by Launder et al.!” and the
wall function f; is equal to 10/(10 + R,).

Pressure/Strain Model

The basic closure of the pressure/strain term appearing in
the dynamic equations for incompressible flow was proposed
by Launder et al.!” However, it cannot be assumed that this
formulation can be carried over to compressible flows. In
incompressible flow, the trace of the pressure/strain correla-
tion must vanish to satisfy continuity. This leads to the conclu-
sion that the pressure/strain process involves only turbulent
energy redistribution in incompressible flows. For compress-
ible flow, however, the density appears in the Poisson equa-
tion for the pressure fluctuation; consequently, the trace of
the pressure/strain correlation may not vanish and, therefore,
is no longer just an energy redistribution term. Ha-Minh et
al.,’® Cousteix and Aupoix,?’ and Strahle?! recommended
modifications of the rapid term in the pressure/strain formu-
lation in which the trace of the models vanishes. We have
re-examined the formulation of the closure for the rapid part
of the pressure/strain term, since the trace pressure/strain
may not vanish because of the additional strain field generated
by the variable density.

The pressure/strain term is formulated from the Poisson
equation for pressure fluctuations, neglecting viscous effects,

azp/ asz 32 -
-— = — —— (p’ U,U,
oxt At Ax0x, (o Uil
2

+ QU puf + puf uff — pul ui (13)

6x,axk

The first term on the right side of Eq. (13) accounts for
unsteady acoustic-wave propagation. This term is neglected at
the present time, since it is assumed that the turbulent pressure
fluctuations are associated primarily with the local-source
terms. The second term on the right side of Eq. (13) arises
from the density fluctuations. This term is also neglected for
the present analysis of the supersonic turbulent boundary lay-
ers. We are then left with a Poisson equation that is analogous
to the incompressible form except for the appearance of vari-
able density. Equation (13) consists of the slow term, which
represents the turbulent/turbulent interactions, and the rapid
term, which represents the turbulent/mean interaction.
The linear-return-to-isotropy model,

_E 2 .
q)ij,l = —Clp z.. (T,'j - 5 kéu> (14)

originally proposed by Rotta,?? was used to model the turbu-
lent/turbulent interactions, and the constant C; of 1.5 was
adopted from the suggestion of Launder et al.!” In this study,
a constant C; was used, since significant performance im-
provement in the flowfield-dependent formulation of C, sug-
gested by Ha-Minh et al.' or Launder and Shima? was not
found in a separate study.?

The rapid-term part of Eq. (13) is rewritten in the following
form:

a*p’ 30, dpu
p <  dpul 1s)

(1Y +a_0fapuk")
ax,z - axk 3Xi 8x,~ 6xk

where second derivatives of the fluctuating and mean quanti-
ties have been neglected. Following Rotta,?? Eq. (15) can be
solved for p’, and the pressure/strain correlation for the
homogeneous flow is formulated as

au, a0,
5= (2 + 227 5, )asy
.2 < %, + ox,, Ik)atkjl (16)

where the exact fourth-order tensor is given by

an

1 dpuiuy d(vol)
Qikjr = P ETS

—E vol 6x,-,~6x,~, (lx—yl)

It is seen that Eq. (15), and, hence, Eq. (16), contains the
volume strain. Following Launder et al.,!” it is assumed that
the fourth-order tensor a;; can be modeled from the most
general linear combination of the Reynolds stresses. This rela-
tion must then satisfy the conditions of symmetry, @y = @i,
@i = @iy, and normalization, @y = 274 . However, the van-
ishing mean-dilatation condition, a;, # 0, cannot be enforced
in compressible flows. The condition for the straining of
isotropic turbulence must also be modified, since the density
appears in the formulation. For isotropic turbulence encoun-
tering a mean strain field, we assumed the following,

1 au, au; 19
®,; =3 [(Cs + l)<g +‘5;J> -G a—x,l Bij:|'r” 1)
J i

where C; accounts for the deviation due to density fluctua-
tions. Note that, if Cg = 0, then Eq. (18) is the incompressible
expression.

The final form of the rapid pressure/strain term that satis-
fies these constraints is given by the following:

2 2
‘}ij,Z = Cz(Pu — 5 P6u> + C3<DU - '5 P6U>

.<an aU, 230’5)

+Cipk\ — +— — = — &
@ ox;  Ox; 3 0x
- 2 . au, a0, 1
+ C5p<7',-j - 3‘ k6U> a_x[ + pC6T” <“é‘x—l)6u +§ C7P(S,‘j (19)
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where the coefficients are given by
C2 _ _ (CZ + 8>
11

8C; -2\ 3
C=—(=2"2),2
: ( 11 >+2C7

30C; -2
Cy= —<“—525“—>—2C8+C7

6C; — 4
Q=—<—L—>—3Q

11
C; = 3(Cs — 80Cy) (20)

The first three terms on the right of Eq. (19) are essentially
equivalent to the Launder et al.!” model. However, the coeffi-
cients C; and C, are different, in that they contain the coeffi-
cients C¢ and Cg. The parameters Cs and Cy are associated
with additional production caused by the bulk dilatation and
the departure of the isotropic-flow formulation due to addi-
tional straining caused by compressibility. For lack of any
information concerning additional production caused by the
pressure/strain process, we have assumed C;, and therefore,
Cs — 80Cs3, to be negligible. Then, the first three terms of the
present formulation are identical to the incompressible formu-
lation of Launder et al.!” Therefore, we have assumed Cj to be
0.4, as suggested by Launder et al.!” There are then two
additional terms in Eq. (19) that arise due to the mean dilata-
tion. The first of these has the essence of the return-to-
isotropy term, whereas the second term is the pressure dilata-
tion, which can cause changes in the production of turbulent
kinetic energy. The parameter Cj is related to normal-stress/
mean-dilatation interactions. Note that the last term, which is
a production term caused by compressibility, is neglected at
the present time, because we believe that the additional pro-
duction provided by the compressibility, at Mach 2.87, is
small. However, if C; # 0, the pressure/strain process could,
in effect, contribute to the production of the normal stresses.

The normal-stress/mean-dilatation interaction term [second
to the last in Eq. (19)] is analogous to the model introduced by
Horstman.’ By comparing Horstman’s calibrated constant to
our C¢ parameter, we can show that our constant can be
approximated by the expression 0.0857M2, which we have
used in our previous predictions.?* However, this approxima-
tion violates the Galilean invariance principle due to the lack
of unsteady effects in the formulation. Therefore, an alternate
approximation of this parameter was needed. Several new
formulations of the normal-stress/dilatation interactions based
on mass-averaged velocity (¢ ) and density variance (p’%/p%)
have been proposed by Taulbee et al.?’ to overcome this diffi-
culty. However, for simplicity, a constant value of 0.35 was
used for the computations presented. This value was chosen to
yield optimum zero-pressure-gradient flat-plate boundary-
layer resuits.

Dilatation Dissipation and Mass-Averaged Fluctuating-Velocity Models

Favre averaging introduces new terms involving mass-aver-
aged velocity-fluctuation terms. Horstman’ and Grasso and
Speziale?6 have shown that the mass-averaged fluctuation term
u/ and the pressure-dilatation term p’du//dx; are an impor-
tant part of the modeling of turbulent compressible flows.
Zeman® introduced the dilatation dissipation u(du,/dx;)*/p
and has shown that it is an important part of the total dissipa-
tion and thus should not be neglected in the modeling of
turbulent compressible flows.

It is well known that turbulence models based only on
incompressible modeling concepts have been unable to predict
the decay in the spreading rate of compressible shear layers.
This model deficiency is caused by overprediction of the diffu-
sion, caused by either an overprediction of the turbulent pro-

duction or an underprediction of the dissipation. The direct
numerical simulations of Passot and Pouquet?’ revealed an
existence of the eddy shocklet structure in turbulent com-
pressible flows that may provide an additional dissipative
mechanism for compressible turbulence. In recent develop-
ments, Zeman® and Sarkar et al.'” proposed that the dilatation
of dissipation is important in modeling the compressible
flows’ dissipative nature caused by loss of turbulent energy
due to the volumetric fluctuations. Zeman and Sarkar et al.
suggested that dilatation dissipation proportional to the turbu-
lent Mach number M, should be added to the solenoidal dissi-
pation. The turbulence models with modified dissipation were
able to predict the experimentally observed spreading rate of
the compressible turbulent shear layer.? The total dissipation,
including the dilatation-dissipation effect, is expressed by

e=¢&( + C;M?) 1

where C; = 0.50.

The solenoidal dissipation was computed from the modeled
dissipation transport equation. The low-Reynolds-number ef-
fects for the solenoidal dissipation were modeled according
the original suggestions of the Hanjalic and Launder!® and
Chien! in mass-averaged formulations.?*

The mass-averaged fluctuation terms u;” are modeled by the
gradient-diffusion hypothesis. The additional constant required
to complete the gradient-diffusion formulation was chosen
so that this model behavior is consistent with Morkovin’s
“strong Reynolds analogy.”’?® The modeled mass-averaged
terms are given by

d
P (22)
Xy

where C, = 0.20.

The secondary terms due to the normal-strain rates (U /dx,
dV/dy) affect the production and the pressure/strain process
of turbulence. Therefore, this effect was also investigated.
Unlike the two-dimensional formulation, the boundary-layer
formulation does not include the effects of normal-strain
rates. Therefore, in this study, the influence of the normal-
strain rates was restored to the code to test the Reynolds stress
and the k-¢ models for the effects of these terms. The com-
pressibility correction, previously discussed, was also incorpo-
rated into the k-¢ model to maintain consistency between the
models. Therefore, the trace of the Reynolds stress model is
the k-¢ model used in this study.

Numerical Methods

The boundary-layer forms of the momentum, thermal-en-
ergy, modeled Reynolds-stress, and dissipation equations were
solved using a simple implicit numerical technique.?* The wall
boundary conditions used were no-slip and adiabatic. The
freestream conditions for velocity, turbulent stresses, and dis-
sipation were solved from the one-dimensional equations
derived from the transport equations without diffusive effects.
The two-dimensional Navier-Stokes equation computations
were performed with a modified MacCormack’s time-split
algorithm and a Baldwin-Lomax? eddy-viscosity model.

The initial conditions needed for all of the calculations were
generated using the boundary-layer form of the k-e¢ model.
The profiles at the start of the pressure-gradient region were
determined according to the Reynolds number based on the
boundary-layer thickness, as suggested by Degani and Smits!!
and Jarayam et al.!2

The grid normal to the wall was generated according to
an exponential stretching function, such that the first point
away from the wall was at the order of y * = 1.0. The initial
grid sizes were determined by the incoming boundary layer
and are different for each of the model computations pre-
sented (ygs = 1.30, y/_ .= 0.14, yg = 0.42). Further details
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Fig. 1a Normalized streamwise and cross-stream turbulent stress
profiles. Experimental data: A, Ref. 30; v, Klebanoff Ref. 30; o,
Ref. 31; +, Ref. 29; o, Ref. 11. Open symbols: [5/p, J7_ /U; solid
symbols: [p/pw [7,,/U; (RS Mass: — M = 2.87, —— M = 4.00; and
k-e Mass: — - —).

50.0 4 } - 4

375 1

25.0

/e,

12.5—+

0.000E+00
0.000€+00 1.25 2.50 3.75 5.00

log (y*)

Fig. 1b Log-law velocity profile. Experimental data: o, Ref. 11 (RS
Mass: —; k-¢ Mass: — - —).

of the Cartesian grid systems and the numerical techniques
used for the computations presented are summarized in Lee.?*
The streamwise direction was calculated on a uniform grid
system. A typical k-e prediction required a streamwise grid
resolution where Ax/l is 0.002. A typical Reynolds stress
prediction required a streamwise grid resolution where Ax// is
0.00001. For the zero-equation model mass-averaged Navier-
Stokes computations, a 32 X 63 grid system?* with vertical
stretching was used in the computations presented.

Discussion of Results

Extensive testing of the Reynolds stress model was con-
ducted to evaluate the performance of this model in predicting
zero-gradient supersonic boundary layers. Typical compari-
sons of the predicted normal stress and mean velocity profiles
are presented Figs. 1a and 1b. Further comparisons of other
quantities such as eddy viscosity, total temperature, and den-
sity variance are presented in Lee.?* Direct comparisons of the
calculated mass-averaged quantities to the measured Rey-

2.00 4 4 }
L
1.50—+ f~
p:( r Baldwin-Lomax Model
~ 1.00- k-¢ Model Reynolds Stress Model 4
S L ]
Curved Surface Flow Geometry
0.500—+ X +
Initial Boundary-Layer
0.000E+00 PO "
-2.00 1.50 5.00 8.50 12.0

x/é

Fig. 2 Surface-pressure profiles and flow geometry. Case 1:
R: =506 (8/R; = 0.02). Case 2: R, = 105 (6/R. = 0.10). Experimen-
tal data: o, Refs. 11 and 12 (Baldwin-Lomax model: —~--).

nolds-averaged quantities are presented here, since the mass-
averaged fluctuation terms relating the two quantities were
estimated to be small for these flow conditions.2* Figures la
and 1b compare the zero-pressure-gradient normal-stress and
mean velocity predictions with experimental data obtained
from a number of studies. These figures exhibit good predic-
tions of the experimental data by the Reynolds stress model.
However, the scatter in the experimental data causes diffi-
culties in making definitive conclusions. Typical uncertainty
has been estimated by Jarayam et al.!? for their experimental
data, and the error bars are given in these figures, where
vertical error bars denote the uncertainty of the fluctuation
measurements and horizontal bars denote the uncertainty of
the boundary-layer thickness measurements. The other experi-
mental data were obtained from hot-wire measurements by
Kistler,?® Yanta and Lee,*® and by laser Doppler velocimetry
(LDV) measurements by Rose and Johnson.3!

The present Reynolds stress model exhibited good overall
performance in predicting the zero-pressure-gradient turbu-
lent supersonic boundary layer. In most cases the cross plane
profiles and the surface quantities were predicted within 10%
Therefore, this Reynolds stress model was then used to calcu-
late the Mach 2.87 curved-compression-ramp flows. The pre-
dictions of supersonic flow over the curved surfaces were
compared with the experimental data of Degani and Smits.!!
The initial conditions employed were a Mach number of 2.87
and a boundary-layer thickness of 0.08 ft (25 mm). A total
pressure of 100 psia (6.9 x 10° N/m?) and a unit Reynolds
number of 1.9 x 107/ft (6.3 x 1071/m) were also used in the
computations. Figure 2 also shows the geometrical configura-
tion of the ramp flow. Figure 2 shows the wall-pressure distri-
butions used to generate these flow conditions, along with the
Navier-Stokes code predictions. These figures also show that
the inviscid characteristics are well predicted by Navier-Stokes
computations using the Baldwin-Lomax model. The bound-
ary-layer thickness-to-curvature ratios (6/R.) used are 0.02 for
case 1 and 0.1 for case 2.

The predictions of the Reynolds stress model that includes
all of the compressibility terms (&, ¢,, Ej?) discussed earlier
are denoted as RS Mass in the figures. The standard Reynolds
stress model predictions without the compressibility terms
(®y =€g=u/ = 0) are denoted as RS Std. The standard Rey-
nolds stress model predictions with only normal strain rate
effects 3V /8y, dU/dx) are denoted as RS Prod, and the
predictions that include only the mass-averaged-fluctuation
terms (U;") are denoted as RS Ufa. The same notations are
used to represent the k-e model predictions presented.

Comparisons of the measured to the calculated surface skin-
friction coefficient distributions are illustrated in Figs. 3-5.
These figures show that the skin-friction predictions are well
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Fig. 3 Local skin-friction coefficient distributions. Case 1: RS model
with compressibility terms. Experimental data Refs. 11 and 12. o,

Preston tube; ¢, velocity profile extrapolation (RS Mass: —; RS
Std: ——; RS Prod: — - —; RS Ufa: ———-; and Baldwin-Lomax
model: —— - --).
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Fig.4 Local skin-friction coefficient distributions. Case 1: k-e
model with compressibility terms. Experimental data Refs. 11 and 12.

o, Preston tube; ¢, velocity profile extrapolation (k-¢ Mass: —;
k-¢ Std: ————; and k-¢ Prod: --+--- ).
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Fig.5 Local skin-friction coefficient distributions. Case 2: RS model
with compressibility terms—data Refs. 12 and 13. o, Preston tube;
¢, velocity profile extrapolation (RS Mass: ——; RS Std: ——-; k-¢
Mass: ee-e- ; and Baldwin-Lomax model: ——).

within the 10% uncertainty level of the experimental measure-
ments as indicated by the error bars shown in the figures. The
Reynolds stress model predictions of the skin-friction coeffi-
cient with the compressibility terms are consistently lower than
the standard model predictions. Figure 3 illustrates the typical
behavior of the skin-friction distribution predicted by the
Reynolds stress model with and without the various compress-
ibility corrections. Figure 4 shows the k-e¢ model predictions of
the skin-friction coefficient with similar compressibility modi-
fications. Figure 5 shows the comparison of skin-friction coef-
ficient distribution for the high curvature case considered. As
illustrated by Figs. 3 and 5, the present Reynolds stress (RS)
model predicted all of the features of the measured skin-fric-
tion distributions for both ramp flows. The skin-friction dis-
tribution for case 2 is predicted better by the present Reynolds
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Fig. 6 Turbulent normal stress profiles. Case 1. Experimental data:
o, Ref. 12 (RS Mass: —; RS Std: ~--—; and k-e Mass: «+-+++),
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Fig. 7 Turbulent shear stress profiles. Case 1. Experimental data:
o, Ref. 11 (RS Mass: ——; RS Std: ——-~; and k-¢ Mass: *+++++).
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Fig. 8 Turbulent normal stress profiles. Case 2. Experimental data:
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Fig. 9 Turbulent shear stress profiles. Case 2. Experimental data:
o, Ref. 11 (RS Mass: —; RS Std: ————; and k-e Mass: ------ ).

stress model including corrections. Figure 5 also illustrates the
importance of employing the combined effects of the com-
pressibility and normal-strain rates, since, employing only the
effects of the normal-stress and normal-strain rates in the
Reynolds stress model caused the skin friction to be overpre-
dicted by the standard Reynolds stress model.

SUPERSONIC COMPRESSION SURFACES
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0.000£+00 1.25 2.50 3.75 5.00
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Fig. 10 Log-law velocity profiles. Case 1. Experimental data: o,
Ref. 12 (RS Mass: — and k-e¢ Mass: -—-).

The k-¢ model does not exhibit similar behavior with the
addition of the normal-strain rates and the compressible
terms, as illustrated by Fig. 5. These figures also show that, at
a mild pressure-gradient level, the Baldwin-Lomax model will
predict the compression-surface flow situations with reason-
able accuracy. However, as the strength of the pressure gradi-
ent is increased, only the Navier-Stokes computations using
the Baldwin-Lomax model predict the rapid drop in the skin-
friction coefficient of the experimental data. The lack of this
behavior by the Reynolds stress model and the k-¢ model
predictions can be partly attributed to the limitations imposed
by the boundary-layer formulations. However, it is also im-
portant to note that the large changes in the skin-friction
coefficient can also be caused by the deficiencies in the Bald-
win-Lomax model formulation, as discussed earlier. There-
fore, uncertainties relating to the limitation of the boundary-
layer formulation are yet unresolved.

Figures 6-11 show comparisons of measured and predicted
turbulent normal-stress, shear-stress, and mean velocity pro-
files at various positions on the ramp. The predictions are
within 5% of the experimentally measured data in the low
pressure-gradient regions. Mean velocities are plotted in log-
law form in Figs. 10 and 11. These figures show that the wake
modifications caused by the adverse pressure gradient are well
predicted by the Reynolds stress model. The predicted turbu-
lent shear-stress profiles are also in good agreement with the
measured data, Figs. 7 and 9. However, Figs. 6 and 8 show
that the turbulent normal-stress levels predicted by the k-e
model are approximately half of the experimental measure-
ments and the Reynolds stress model predictions. This dis-
crepancy is caused by the use of the constitutive relationship to
determine the normal stresses in the k-e model.

In case 2, additional adverse pressure-gradient effects are
introduced by decreasing the radius of curvature of the ramp,
which increases the overall pressure-gradient level. In regions
of small pressure gradient, there is still a fairly good agree-
ment between the predicted and measured profiles, Figs. 9 and
10. However, the increase in boundary-layer thickness-to-cur-
vature ratio (6/R.) from 0.02 to 0.1 may have introduced
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Fig. 11 Log-law velocity profiles. Case 2. Experimental data: o,
Ref. 12 (RS Mass: —— and k-e¢ Mass: ———-).

additional complexities, such as streamwise vortices and
shock-wave/boundary-layer interactions, that cannot be mod-
eled by the boundary-layer formulation. Therefore, the larger
discrepancy between the experimental data and the computa-
tions is evident in the comparisons of the turbulent profiles.

Conclusions

A closure model for the rapid part of the pressure/strain
term has been formulated to take into account the effects of
compressibility. The first three terms of the present model are
identical to the incompressible model proposed by Launder et
al.'” with added parameters appearing in the constants due to
compressibility. The three additional terms appearing in the
formulation account for the additional production and redis-
tribution of turbulent energies due to the bulk dilatation inter-
actions. The development of generalized parameters Cs, Cg,
and C; will require additional analysis and experiments.

The new formulation of the pressure/strain model has been
successfully incorporated into the existing low-Reynolds-num-
ber Reynolds stress model of Hanjalic and Launder.!® The
predictions made by the Reynolds stress model, including the
new pressure/strain model and the compressibility correc-
tions, are in good agreement with the experimentally measured
skin-friction, mean velocity, and turbulent energy profiles of
the Mach 2.87 turbulent boundary layer over short curved
compression surfaces. The overall effect of compressibility on
the Mach 2.87 flows was found to be on the order of 10%,
even under an adverse pressure-gradient condition. The most
recognizable influence is seen in predictions of the turbulent
stress profile and skin-friction levels, which tend to underes-
timate the experimental values as the levels of the normal-
strain rates are increased by a larger pressure-gradient level.

It is shown that the normal-strain rates have considerable
influence on the Reynolds stress model prediction of curved
surface flows. However, the skin-friction distributions are
overpredicted if the compressibility corrections are not used in
conjunction with the normal-strain rates.

The k-e¢ model prediction of skin-friction distribution for
the curved-ramp problem agreed well with the experimental

data, even though the normal stresses were underpredicted.
The additional strain rates in the Reynolds stress model gener-
ated unrealistic skin-friction predictions if the compressibility
terms were not used. The k-e model prediction, however, does
not exhibit similar tendencies with the addition of either of
these terms. The boundary-layer predictions were also com-
pared with zero-equation model predictions made in conjunc-
tion with the mass-averaged Navier-Stokes equations. These
comparisons show that, for case 1 (R, = 508), the compres-
sion-surface predictions made using the boundary-layer for-
mulation of the Reynolds stress model and the k-¢ model are
comparable to the mass-averaged Navier-Stokes predictions.
However, for case 2 (R, = 106), the boundary-layer approxi-
mations are inadequate, because of the introduction of the
viscous/inviscid interaction effects and curvature effects.
Therefore, further, study is warranted to explore this limita-
tion through the use of the mass-averaged Navier-Stokes equa-
tions and the Reynolds stress model.
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